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Abstract. We extend some results of Euler related sums. Integral and closed form repre-
sentation of sums with products of harmonic numbers and cubed binomial coefficients are
developed in terms of Polygamma functions. The given representations are new.
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1. Introduction






, for n = 1, 2, 3, . . . , α = 1, 2, 3, . . .
and









= γ + ψ (n + 1) ,










= −ψ (1) ≈ 0.57721566490153286 . . .












(ln 2)3 . (1)












ζ2 (3)− 18ζ (5) + 6ζ (3) ζ (2)− 15ζ (4)
−440 ζ (3) + 56 ln 2 ζ (3) + 240 ln 2 ζ (2) + 480 (ln 2)2
(2)
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to add, in a small way, some results related to (1) and (3) and to extend the result








= (q + 2) ζ (q + 1)−
q−2∑
r=1
ζ (r + 1) ζ (q − r) (3)
and there is also a recurrence formula
(2n + 1) ζ (2n) = 2
n−1∑
r=1
ζ (2r) ζ (2n− 2r)
which shows that in particular, for n = 2, 5ζ (4) = 2 (ζ (2))2 and more generally






, Re (z) > 1.
Here we are also interested in evaluating closed form and integral representations of
Euler type sums containing both harmonic numbers, H(α)n and powers of binomial
coefficients, two types of special numbers of enumerative combinatorics. There are
many works investigating sums of both harmonic numbers and binomial coefficients,
see for example [1, 2, 3, 4, 6, 9, 13, 14, 15, 16, 17], and references therein. Chu
and Zheng [7] also obtained many other identities involving harmonic numbers and
central binomial coefficients.
2. Identities
































(1− x)j (1− y)k (1− z)l (1− w)m
xyzw























tnn4Γ (an) Γ (bn) Γ (cn) Γ (dn) Γ (j + 1) Γ (k + 1)Γ (l + 1) Γ (m + 1)
n5Γ (an + j + 1)Γ (bn + k + 1)Γ (cn + l + 1) Γ (dn + m + 1)




tnΓ (bn) Γ (cn) Γ (dn) Γ (k + 1) Γ (l + 1)Γ (m + 1)
nΓ (bn + k + 1) Γ (cn + l + 1) Γ (dn + m + 1)






B (bn, k + 1) B (cn, l + 1) B (dn,m + 1)
∫ 1
0
xan−1 (1− x)j dx,
where the Beta function
B (s, z) =
∫ 1
0
ws−1 (1− w)z−1 dw = Γ (s) Γ (w)
Γ (s + w)




wz−1e−w dw for Re (z) > 0.






























































dx dy dz dw































(1− x)j (1− y)k (1− z)l (1− w)m
xyzw
× ln (1− x) ln (1− txaybzcwd) dxdy dz dw.
We now investigate three new corollaries that are a consequence of the Main
Theorem 1.
338 A. Sofo

















































































































































































































































Simplifying (6), we obtain (5).
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ζ2 (3)− 22ζ (5) + 22
3











π ln 2 +
30368
9









































≈ 0.915965 . . .




















[(1− y) (1− z)]k
(1− xyzw) ln (1− x) ln (1− (xyzw)



















(1− rX (k, r)) ζ (3) ζ (2) + 5a
2
2r2

































































































































X (k, s) ,
























































r5 (an + r)2
+
5a4

















































































2aζ (3) ζ (2)
r3
















































































X (k, r) .







[1− 2rX (k, r)] = 1
then (8) is confirmed.















ζ2 (3)− 36ζ (5) + 12ζ (3) ζ (2) + 115ζ (4)− 8376ζ (3)
−128π3 − 2304ζ (2) + 4656ζ (2) ln 2 + 4608π ln 2




















































[(1− w) (1− z) (1− y)]k
xyzw

























− 6X (k, r) + rY (k, r)
)




























































































































































where X (k, r) is given by (9) and



















































































































where X (k, r) is given by (9).
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r5 (an + r)3
− 5a
5
r6 (an + r)2
+
15a4


































































































































































































































































































and after much algebraic manipulation with the aid of say, Mathematica [20], sim-











1− 3rX (k, r) + r2Y (k, r)] = 1,
and Y (k, r) is given by (14).










































For a = 2, k = 1 we obtain (2).
Remark 4. In Corollaries 1, 2 and 3 we encounter harmonic numbers at possible
rational values of the argument, of the form H(α)r
a−1 where r = 1, 2, 3, . . . , k and
k ∈ N. To evaluate H(α)r
a−1 we have available a relation in terms of the Polygamma




















, and H(α)0 = 0.





at rational values of the argu-
ment can be explicitly done via a formula as given by Kölbig [12], (see also [11]), or
Choi and Cvijović [5] in terms of the Polylogarithmic or other special functions.
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In concluding we remark that the general results obtained by the evaluation
of identities (5), (8) and (12) are an extension and generalization of the identities
obtained by Sofo [18].
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[5] J.Choi, Dj. Cvijović, Values of the polygamma functions at rational arguments, J.
Phys. A 40(2007), 15019–15028.
[6] W.Chu, A.M. Fu, Dougall-Dixon formula and harmonic number identities, Ra-
manujan J. 18(2009), 11–31.
[7] W.Chu, D. Zheng, Infinite series with harmonic numbers and central binomial coef-
ficients, Int. J. Number Theory 5(2009), 429–448.
[8] L.Euler, Opera Omnia, Vol XV, Teubner, Berlin, 1917.
[9] P.Flajolet, B. Salvy, Euler sums and contour integral representations, Exp. Math.
7(1998), 15–35.
[10] M. Jung, Y. j. Cho, J. Choi, Euler sums evaluatable from integrals, Commun. Korean
Math. Soc. 19(2008), 545–555.
[11] K.Kölbig, The polygamma function ψ (x) for x = 1/4 and x = 3/4, J. Comput.
Appl. Math. 75(1996), 43–46.
[12] K.Kölbig, The polygamma function and the derivatives of the cotangent function for
rational arguments, CERN-IT-Reports, CERN-CN-96-005, 1996.
[13] C.Krattenthaler, K. S.Rao, Automatic generation of hypergeometric identities by
the beta integral method, J. Comput. Math. Appl. 160(2003), 159–173.
[14] A. Sofo, Integral forms of sums associated with Harmonic numbers, Appl. Math.
Comput. 207(2009), 365–372.
[15] A. Sofo, Computational Techniques for the Summation of Series, Kluwer Aca-
demic/Plenum Publishers, New York, 2003.
[16] A. Sofo, Sums of derivatives of binomial coefficients, Advances Appl. Math. 42(2009),
123–134.
[17] A. Sofo, Harmonic numbers and double binomial coefficients, Integral Transforms
Spec. Funct. 20(2009), 847–857.
[18] A. Sofo, Closed form representations of Harmonic sums, Hacettepe J. Maths. Stats.
39(2010), 255–263.
[19] J. Sondow, E.W.Weisstein, Harmonic number, From MathWorld-A Wolfram Web
Rescources, available at http://mathworld.wolfram.com/HarmonicNumber.html.
[20] Wolfram Research Inc., Mathematica, Wolfram Research Inc., Champaign, IL.
